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ABSTRACT 
A duality result for order precompact sets in locally solid Riesz spaces is derived from a more 
general duality result, and it is shown that a number of known results on precompactness in Riesz 
spaces can be deduced from it. The same approach also yields duality results for order bounded 
linear maps between Riesz spaces. 
There is an intriguing similarity in the following two well-known charac- 
terizations of precompactness: 
1. Let X be a compact Hausdorff space. A subset of C(X) is precompact (with 
respect to the supremum norm) iff it is equicontinuous and pointwise pre- 
compact. 
2. Let (X,p) be a finite measure space. A subset of L,(X,p) is precompact 
(with respect to the usual norm) iff it is norm-bounded, equi-integrable and 
precompact with respect to the topology of convergence in measure. 
These results have both been generalized. In the case of the second, the 
appropiate setting for the generalization has turned out to be that of a locally 
solid Riesz space with a Lebesgue topology, and order precompactness replaces 
equi-integrability (cf. Proposition 3.8). 
This paper is a continuation of [S], in which the derivation of the above and 
various other precompactness results from one general result was initiated. The 
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general duality theorem proved there is used here to establish a duality result 
for order precompact sets, from which the characterization of precompact sets 
in locally solid Riesz spaces is then derived. The general duality theorem also 
leads to Schauder-like duality results for order bounded linear maps. 
1. PRELIMINARIES 
The terminology and notation with regard to Riesz spaces will be that of [ 11. 
Some of the notions pertinent to this paper are summarized below. 
All Riesz spaces in this paper will be assumed to be Archimedean. If E is such 
a space, the space of all order-bounded linear functionals on E will be denoted 
by E-9 and the space of all order continuous linear functionals by E;. A 
subset A of E is solid if xeE, yeA and 1x1~ Iy( implies XEA. A solid linear 
subspace is called an ideal; if A is a subset of E, the ideal generated by A will 
be denoted by IA. The set of all positive elements of E will be denoted by E+ . 
If x, yeE with xsy, the set [x, y] = {zeE: x~z~y} is known as an order 
interval; a set is called order bounded if it is contained in an order interval. 
A linear space topology r on a Riesz space E is locally solid if it has a basis 
for the neighbourhoods of 0 consisting of solid sets. A Riesz space E with such 
a topology will be referred to as a locally solid Riesz space, and the dual E’ of 
such a space is contained in E-. A locally solid topology r is a pre-Lebesgue 
topology if disjoint order bounded sequences are r-convergent to 0, and 
Lebesgue if every decreasing net with infimum 0 is r-convergent o 0; it has 
the monotone completeness property if every monotone t-Cauchy net is 
r-convergent. Following [ 11, a locally solid topology on E which is also locally 
convex will be called a locally convex-solid topology. 
If F is an ideal in E-, the absolute weak topology lal(E, F) is the topology 
on E of uniform convergence on the order intervals in F, similarly lol(E-, E) 
is the topology on E- of uniform convergence on the order intervals of E. 
The topology lol(E, E-) is pre-Lebesgue and lal(E, EC) is Lebesgue, while 
lal(E-, E) is a complete Lebesgue topology. The strong topology p(E’, E) is 
always locally solid and if it is pre-Lebesgue, it is also Lebesgue. 
2. ORDER PRECOMPACTNESS 
In [5] the following general notion of precompactness was introduced: Let 
(X, %) be a uniform space and 35’ a bornology on X. Then a subset A of 
X is 9l-precompact if for every UE 4?/, there is a BE 23 such that BCA and 
A C u[B] = (XE X: (x, y) E U Vy E B} . If E is a Riesz space, 91 the uniformity 
on E derived from a locally solid topology t on E and 33 is the bornology of 
all order bounded sets in E, a subset A of E is .B-precompact iff for every solid 
neighbourhood N of 0 in E, there is an order bounded subset B of A such that 
A C B + IV. We shall call such sets Riesz precompact. These sets are closely 
related to the order precompact and quasi order precompact sets introduced by 
Duhoux in [6]. A subset A of E is called order precompact (respectively quasi 
order precompact) if for every solid neighbourhood N of 0 in E, there is an 
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x E IAf (respectively an XE E+) such that A C [-x,x] +N, or, equivalently, 
laj - Ial Ax=(ja] -x)+ EN for every a~_4. 
It is clear that order precompact and Riesz precompact sets are always quasi 
order precompact. Order bounded sets are always Riesz precompact and quasi 
order precompact, but not necessarily order precompact. In I,, with its usual 
norm, the set {e,: n E N}, where e, is the sequence with n-th term 1 and all 
other 0, is order-bounded, but not order precompact. The following example 
shows that an order precompact (and therefore also quasi order precompact) 
set need not be Riesz precompact. We first prove: 
2.1. LEMMA. Let {x,,: n E N } be a countable Riesz precompact set in a 
normed Riesz space. Then (x,,) has a Cauchy subsequence. 
PROOF. Put x,, =x1. By Riesz precompactness, there is an n, E IN such that 
I/x,, -x,,~[/ < l/2, an n3 E N such that IIxn2-xn,/I < l/4, and in general, for each 
kg N, an nkE N such that 11x+, -x,J <2-k+1. A standard argument now 
shows that (x,,) is a Cauchy sequence. q 
2.2. EXAMPLE. Let E= L,(O, 11, with its usual norm topology. Define (1,) 
to be the following sequence of Rademacher-like functions: 
f*(t)=tY2, o<ts1 
t-l/4 








and so on. The set A = {f,: n E N} is not Riesz precompact. This follows from 
2.1 and the fact that I/f, -f,,, II> 1 for all n, m E N. A routine calculation shows 
that for each n and each k> 1, 
ll(lfnl-~X(a,,])+II =2*“(2”- o- 2”+112 k . n+l 1-2” 
Hence su~{Il(lfnl -kx~o,$+II: n E N} -+O as k+m, and from this it follows that 
A is order precompact, since kx~,,,, l 12 for each k> 1. 0 
For solid sets, quasi order precompactness and Riesz precompactness 
coincide: 
2.3. PROPOSITION. Let A be a solid subset of a locally solid Riesz space E. 
Then A is quasi order precompact iff it is Riesz precompact. 
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PROOF. Let A be quasi order precompact and U be a solid neighbourhood of 
OinE.ChoosexEE+suchthatAC[-x,x]+U.ThusifaEA, lal-lall\x~U. 
Since A is solid, ]al~xeA, and so lalr\xeAfI[-x,x]=B (say). Hence 
lal=(lal-I I 1 I I a AX + a AXE U+ B, and since U and B are both solid, aE U+ B 
also. Therefore A cB+ U, and BCA is order bounded, so A is Riesz pre- 
compact. 
2.4. COROLLARY. A subset of a locally solid 
compact iff its solid hull is Riesz precompact. 
Riesz space is quasi order pre- 
PROOF. This follows from the fact that a set is quasi order precompact iff its 
solid hull is (see [6]). 0 
2.5. COROLLARY. The solid hull of a Riesz precompact set is Riesz pre- 
compact. 
It is easy to check that Riesz precompact sets are bounded, and that if E is 
a locally convex locally solid space, the (absolutely) convex hull of a Riesz 
precompact set is again Riesz precompact. Precompact sets are clearly also 
Riesz precompact. Unlike order precompact and quasi order precompact sets, 
however, the closure of a Riesz precompact set need not be Riesz precompact. 
A modification of Example 2.2 supplies an example. If E and f, are as in 2.2, 
define, for each n and m E N, 
The set B={f,,: n, m E N } is Riesz precompact, but its closure contains 
{f,: n E N } and can therefore not be Riesz precompact. 
Order precompactness can also be characterized in terms of disjoint se- 
quences under certain conditions. An analysis of the proofs of Theorems 2.5 
and 2.6 of [2] (cf. also [6], Theorem 3.6 and [7], Proposition 2) shows that the 
following result holds: 
2.6. THEOREM. Let ‘5 be a locally solid topology on the Riesz space E and 
A c E. Consider the statements: 
(1) A is order r-precompact. 
(2) Every disjoint sequence in the solid hull of A is r-convergent o 0. 
(a) Zf 7 is pre-Lebesgue, (1) * (2). 
(b) Zf there is a Hausdorff locally solid topology 7, on E such that A is 
s,-bounded and either (i) 7, has the monotone completeness property or (ii) 
7, is a Lebesgue topology, then (2) * (1). 
The monotone completeness property in (b)(i) may also be replaced by the 
condition: Every increasing positive ri-Cauchy sequence in the convex hull of 
A has an upper bound (cf. [6], Theorem 3.6). 
Pre-Lebesgue topologies can be characterized in terms of order-precompact- 
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ness; we shall need the following result, which appears as Theorems 2.7 and 2.8 
in [2]: 
2.7. THEOREM. A locally convex-solid topology r on a Riesz space E is pre- 
Lebesgue iff every equicontinuous ubset of its dual E’ is order lol(E’, E)- 
precompact; and /3(E’, E) is a Lebesgue topology iff every r-bounded subset of 
E is order 1 (T I (E, E’)-precompact. 
A subset of a locally solid Riesz space is clearly precompact iff it is Riesz 
precompact and every order-bounded subset of it is precompact (cf. [5], 0 1). 
A solid set is precompact iff it is order precompact and every interval in A (or 
IA) is precompact (cf. [6], Proposition 3.3). 
If E and F are locally solid Riesz spaces and T: E-+F is an order bounded 
continuous linear map, then it is uniformly continuous and therefore it will map 
Riesz precompact sets in E to Riesz precompact sets in F (cf. [5], 0 1). 
3.DUALITYRESULTSFORORDERPRECOMPACTSETS 
The general duality result for B-precompact sets (Theorem 2.2 of [5]) can 
be used to obtain duality results for order precompact sets. The first of these 
is a Riesz space version of Grothendieck’s duality result for precompact sets 
(cf. [5], Proposition 3.4). 
3.1. THEOREM. Let E be a Riesz space, F be a non-trivial ideal in E- and 
S (respectively 9) be a collection of solid a(E, F)-bounded (respectively 
a(F, E)-bounded) subsets of E (respectively F), directed by containment and 
covering E (respectively F). Then the following two statements are equivalent: 
(1) (a) Every K E yiC is quasi order precompact in the topology of uniform con- 
vergence on the sets in J.$ 
and (b) every L E .9 is 1 CT 1 (F, E)-quasi order precompact. 
(2) (a) Every L E .zS? is quasi order precompact in the topology of uniform con- 
vergence on the sets in .N, 
and (b) every KE .% is lol(E, F)-quasi order precompact. 
PROOF. The theorem follows from Theorem 2.2 of [5] on putting X=E, 
Y= F, Z = fR (with its usual uniformity), @ : E x F+ IR the canonical bilinear 
form and & and .B respectively the bornologies of order bounded subsets of 
E and F. Then & and LB-precompactness becomes Riesz precompactness, and 
since the sets in CC and 9 are solid, this is equivalent o quasi order precompact- 
ness (by 2.3). The conditions on X and 9’ ensure that each A E d (respectively 
each BE S?) is contained in some KEN (respectively some L E 9). q 
Then condition that the sets in YLC cover E was needed to ensure that every 
order bounded set in E is contained in some K E CC. It is sometimes necessary 
to consider collections YLC that do not satisfy this requirement (this happens in 
particular when S consists of a single solid set). A similar duality result still 
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holds in this case, as long as quasi order precompactness i replaced by order 
precompactness. A similar remark applies to 9. We state the result for single 
sets. 
3.2. COROLLARY. Let E be a Riesz space, A a solid subset of E, B a solid 
subset of E- such that A is a(E, Is)-bounded and B is a(E-, I,)-bounded. 
Define the seminorms pA on IB, pB on ZA by PA(f) = sup{ 1 f(a)l: xe A}, 
p&x) = sup (1 f (x)1 : f E B}. Then the following two statements are equivalent: 
1. (a) A is order pB-precompact, 
and (b) B is order lal(E-, IA)-precompact. 
2. (a) B is order PA-precompact, 
and (b) A is order lal(E, I&-precompact. 
PROOF. There is no loss in generality in assuming that A and B are convex 
(and therefore also absolutely convex, since they are solid). Replace E and F 
in 3.1 by IA and I,, and put X={AA:L>O} and S?={JB:1>0}. Then X 
and 9’ cover IA and IB respectively. For if x E IA, there are x1, x,, . . . , x, E A and 
positive real numbers L r, &, . . . , A,, such that 1x1~ I:=, Li Ix;[E Cy=, $ A= 
(Cy= 1 Ai) A E .X The result now follows from 3.1. 0 
The above result, when combined with Theorem 2.6, yields a sharpened 
version of a basic duality result of Burkinshaw and Dodds ([3]), Proposition 
2.2; cf. also [l], Theorem 21.7, [6], Theorem 3.8 and [7], Theorem 3). 
3.3. THEOREM. Let E be a Riesz space, A a solid a(E, I,)-bounded subset 
of E and B a solid o(E-, E)-bounded subset of E-. Consider the following 
statements: 
(1) A is order pB-precompact and B is order lol(E-, IA)-precompact. 
(2) B is order pA-precompact and A is order lo 1 (E, IB)-precompact. 
(3) pA( f,)+O for every disjoint sequence (f,) in B. 
(4) pB(x,)+O for every disjoint sequence (x,) in A. 
Then we always have (1) e (2) o (3) and (1) * (4), and if in addition there 
is a locally solid Hausdorff topology T on E which is either Lebesgue or has 
the monotone completeness property and for which A is r-bounded, then 
(4) * (1). 
PROOF. (1) * (2): This is Corollary 3.2. 
(2) * (3): Let .s>O. Choose foe12 such that sup,,.p,(Ifl-lfjAf,)<~ 
and ~~~12 such that supxsA fo(lxl- ~x~Ax~)<E. If (f,) is a disjoint sequence 
in BY (I.LlGd is an order-bounded disjoint sequence in E-, and since 
lol(E-, E) is a Lebesgue topology, there is an no such that / f,l A fO(xO)<e for 
n>no. Therefore, if xeA and nzno, 





Hence pA(fn)+O as n-+00. 
(1) * (4): The proof is similar, using the fact that lal(E, E-) is pre- 
Lebesgue topology. 
(3) =) (2): Observe that lal(E-, E) is a Hausdorff locally solid complete 
Lebesgue topology on E-, and that B, being solid and a(E-, E)-bounded, 
is also lal(E-, E)-bounded. Hence Theorem 2.6 implies that B is order PA- 
precompact. Then it follows from Theorem 3.5 of [6] that the topology defined 
by pA is pre-Lebesgue on ZB, and Theorem 2.7 then implies that every equi- 
COIItinUOUS subset of F, the space of all PA-continuous linear functionals on 
ZB, is order lo I (F, I,)-precompact . Since A C E is certainly pA -equicontinuous, 
it is order lal(E, I,)-precompact. 
The fact that (4) =) (1) under the stated conditions follows immediately from 
Theorem 2.6 and an argument similar to the above. 0 
3.4. COROLLARY. Zf E,II separates the points of E, A is a(E, E,- )-bounded 
and B is o(E-, E)-bounded, then ail four statements in Theorem 3.3 are 
equivalent. 
PROOF. In this case lal(E, El) is a Hausdorff locally solid Lebesgue topology 
and the dual of E under this topology is E; . Hence if A is a(E, E;)-bounded, 
it is also lal(E, EJ)-bounded. 0 
A sufficient condition for precompactness with respect to a locally solid 
topology can now be given. We need a special case of Grothendieck’s duality 
result (cf. [5], Proposition 3.4): 
3.5. PROPOSITION. Let E be a Riesz space, F an ideal in E- and A a 
a(E, F)-bounded subset of E. Then A is lol(E, F)-precompact iff each order 
interval in F is pA -precompact. 
3.6. PROPOSITION. Let A be a subset of a Riesz space E, 5 a locally convex- 
solid topology on E which is pre-Lebesgue on IA, and E’ the dual of E under 
r. Zf A is order T-precompact and lal(E, E’)-precompact, it is r-precompact. 
PROOF. Let BC E’ be a solid r-equicontinuous set. Since the solid hull of A 
is also order r-precompact, there is no loss of generality in assuming that A is 
solid. Since A is lal(E, E’)-precompact it is lal(E, Z&-bounded and hence A is 
a(E, I,)-bounded; since t is pre-Lebesgue on IA, B is order lal(E-, IA)- 
precbmpact (by Theorem 2.7) and thus a(E-, I,)-bounded. It now follows 
from Corollary 3.2 that B is order p,-precompact. Let f Eli, then since A is 
lal(E, I,)-precompact, it follows from proposition 3.5 that [-f, f] is pA- 
precompact. Hence B is p,-precompact (see the remarks at the end of section 
25 
2). Using Grothendieck’s duality result (cf. [5], Proposition 3.4) yet again, it 
follows that A is pB-precompact. Since this holds for every r-equicontinuous 
set B, A is r-precompact. 0 
3.7. COROLLARY. (cf. [2], Theorem 2.9) Let A be a subset of a Riesz space 
E with a locally convex-solid topology ‘5 which is pre-Lebesgue on IA. Then A 
is T-precompact iff it is order r-precompact and lol(E, E’)-precompact. 
PROOF. The one half of the implication is 3.6; for the converse note that 
r-precompactness always implies order r-precompactness, and since lo 1 (E, E’) 
is weaker than t, A is also jaj(E, E’)-precompact. 0 
A similar characterization of /I (E’, E)-precompact sets can be proved in the 
case where P(E’, E) is a pre-Lebesgue (and hence Lebesgue) topology (cf. [2], 
Theorem 2.10). 
The topology ]a](E, E’) above can be replaced by a (in general) weaker topo- 
logy in the case where T is Lebesgue. In this case E’cE; (where E’ is the 
r-dual of E), and for each fe (E; )’ and each x0 E Ef we can define a pseudo- 
norm pJ, on E by 
The topology r. generated by these pseudo-norms is a locally solid Lebesgue 
topology on E, and is in fact the coarsest such topology on E (for more infor- 
mation on this topology, see [4]). 
3.8. PROPOSITION. Let t be a locally convex-solid Lebesgue topology on a 
Riesz space E and A c E. Then A is z-precompact iff it is order r-precompact 
and so-precompact. 
PROOF. If A is r-precompact, it is order r-precompact and so-precompact 
(since r. is coarser than r). 
Conversely, let B be a solid convex r-equicontinuous set in E’, then by as- 
sumption A is order pB-precompact, and hence certainly also order lal(E, I&- 
precompact. It suffices to show that A is in fact lal(E, Is)-precompact (by 
3.7). Let E>O, and fE1;. Then we can find an x~EIA+ such that f(lxl- 
Ix / nxo) < E for each x E A. It follows from the to-precompactness of A that we 
can find xi, . . . . x,,EA such that AcU~=, {XEE:f(IX_XiIA2xo)<E}. Thus if 
XEA, there is an i such that f(lx-xilr\2xo)<e, and so 
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The above proposition generalizes the characterization of precompactness in
L,(X,p) mentioned in the introduction. The usual norm topology of L,(X,,u) 
is Lebesgue, the order r-precompact sets are exactly the norm-bounded equi- 
integrable sets and the topology r. introduced above is the topology of con- 
vergence in measure in this case. 
4.DUALITY RESULTSFORORDERBOUNDEDMAPS 
The general duality theorem of [5] can also be used to derive duality results 
for order bounded maps between Riesz spaces reminiscent of Schauder’s 
Theorem. In what follows E and F will be locally convex-solid Riesz spaces, 
with F Dedekind complete and T: E-+F an order bounded linear map which is 
continuous with respect o the topologies a(E, E’) and a(F, F’). In this case the 
adjoint T’: F’+E’ of T is also order bounded (cf. [2], p. 11) and weakly con- 
tinuous. The map @ : E xF’-+ IR is defined by @(x, f) =f(Tx). 
4.1. THEOREM. Let E, F and T be as above. Then the following two 
statements are equivalent: 
1 (a) T maps solid bounded sets onto Riesz precompact sets 
and (b) T’ maps solid equicontinuous ets onto Riesz 1 IS 1 (E’, E)-precompact sets. 
2 (a) T’ maps solid equicontinuous ets onto Riesz fi(E’, E)-precompact sets 
and (b) T maps solid bounded sets onto Riesz lal(F, F’)-precompact sets. 
PROOF. The theorem follows from the general duality result ([5], Theorem 
2.2) if we let J and B respectively be the bornology of order bounded sets in 
E and F’, and YC and .$Z? respectively the bornologies of solid bounded subsets 
of E and solid equicontinuous subsets of F’. q 
4.2. COROLLARY. If E, F and Tare as above and in addition the topology 
on F is pre-Lebesgue and the topology fi(E’, E) is Lebesgue, then T maps solid 
bounded sets onto Riesz precompact sets iff T’ maps solid equicontinuous ets 
onto Riesz p(E’, E)-precompact sets. 
PROOF. It suffices to show that 1 (b) and 2 (b) are automatically satisfied 
under the stated conditions. Since the topology on F is pre-Lebesgue, equi- 
continuous sets in F’ are order (and hence also quasi order) ]al(F’, F)- 
precompact by Theorem 2.7; solid sets of this kind are therefore Riesz 
lal(F’, F)-precompact (by 2.3). Now T’ is order bounded and a(F’, F)- 
a(E’, E) continuous, therefore also Jal(F’, F)- lal(E’, E) continuous (cf. [S], 
8.6.4). It follows that T’ maps Riesz lal(F’, F)-precompact sets onto Riesz 
lal(E’, E)-precompact sets (see the remark at the end of section 2), i.e. 1 (b) is 
satisfied. A similar argument shows that 2 (b) is satisfied. 0 
4.3. COROLLARY. (cf. [9], Theorem 127.4) Let E and F be Banach lattices, 
such that F and E’ have order continuous norm, and the linear map T: E-+F 
be order bounded. Then T maps solid norm-bounded sets onto Riesz pre- 
compact sets iff T’ does the same. 
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4.4. THEOREM. Let E and F be locally convex-solid Riesz spaces and 
T: E-+F be a weakly continuous order bounded linear map. Then T maps order 
bounded sets onto lal(F, F’)-precompact sets iff T’ maps order bounded sets 
onto 1 o 1 (E’, E)-precompact sets. 
PROOF. This theorem also follows from the general duality result ([5], 
Theorem 2.2) if we take & and B respectively to be the bornologies of finite 
subsets of E and F’, and X and 9 respectively the bornologies of order 
bounded subsets of E and F’. The conditions 1 (b) and 2 (b) are automatically 
satisfied, since order bounded sets are bounded, hence weakly precompact. 
4.5. COROLLARY. (cf. 191, Theorem 125.6) Let E, F and T be as in 4.4 and 
assume in addition that the topology z on F is pre-Lebesgue and the topology 
j?(E’, E) is Lebesgue. Then T maps order bounded sets onto precompact sets iff 
T’ maps order bounded sets onto p(E’, E)-precompact sets. 
PROOF. It suffices, by Corollary 3.7 and the remark following it to prove that 
under the stated conditions order bounded lal(F, F’)-precompact and 
lal(E’, E)-precompact sets are respectively order t-precompact and order 
/?(E’, E)-precompact. To this end, let B be an order bounded lol(F, F’)- 
precompact set in F, with BC [-y,, yl], yl E F+ . Let A be a r-equicontinuous 
subset of F’ and E > 0. Since 7 is pre-Lebesgue, A is order I CJ I (F’, F)-precompact, 
and B is certainly order lal(F, F’)-precompact. Hence there is any0 EI,,$ and a 
yO~l,t such that (IfI-fJ’(y,)<s for all feA andfo(lyI-yc)+)<.s for all 
yeB. Now letfeA, yeB, then 
If~~lYI-Yo~+~l~~lfl-fo~+~~lYl-Yo~+~+Ifl~fo~~lYl-Yo~+~ 
~(Ifl -.m+(Yl)+mYI -Yo)+t<2&. 
Since A was an arbitrary t-equicontinuous set, this proves that B is order 
t-precompact. A similar argument shows an order-bounded lal(E’, E)- 
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